Abstract. In this note we show that if a boundary system in the sense of (Schubert et. al., 2015) gives rise to any skew-self-adjoint extension, then it induces a boundary triplet and the classification of all extensions given by (Schubert et. al., 2015) coincides with the skew-symmetric version of the classical characterization due to (Gorbachuk et. al., 1991) . On the other hand we show that for every skew-symmetric operator there is a natural boundary system which leads to an explicit description of at least one maximal dissipative extension. This is in particular also valid in the case that no boundary triplet exists for this operator.
Let a skew-symmetric operator be given. In Section 2 we show that then every boundary triplet induces a boundary system in a natural way. If our operator admits a boundary system that induces at least one skew-self-adjoint extension, then it induces a boundary triplet in a natural way. The parametrization of skew-self-adjoint operators via the boundary system (Theorem A) is then induced by the parametrization via the boundary triplet (Theorem B), and vice versa, in a simple way. In Section 3 we construct for every skew-symmetric operator-thus in particular also for operators that have no skew-self-adjoint extensions-a natural boundary system which leads to an explicit description of at least one maximal dissipative extension. In addition, this boundary system yields an independent proof of the fact that the equality of deficiency indices is equivalent to the existence of skew-self-adjoint extensions. For the convenience of the reader we give a short and direct proof for Theorem B based on the survey [6] in Section 4.
Boundary triplets are boundary systems are boundary triplets-or not?
At first sight, boundary triplets appear to be the special case of boundary systems with G 1 = G 2 = G and F i = Γ i for i ∈ {1, 2}. In [5, Remark 3.2(a)] this is pointed out, but there Ω and ω are both the standard skew-symmetric forms, and the boundary triplet, that one obtains in the special case, corresponds to the symmetric situation considered in [2] . For the skew-symmetric case the aforementioned intuition is also correct, but the result is a bit more technical. Proposition 1. Let H 0 be skew-symmetric and let (G, Γ 1 , Γ 2 ) be a boundary triplet for H 0 . Then, (Ω, G, G, F, ω) is a boundary system for H 0 , where Ω is the standard symmetric form, ω is the standard unitary form, and
(y 1 − y 2 ) hold. Now we compute
which shows that F is surjective. For the final statement it is enough to observe that (3) implies that
hold and that we therefore have
). This shows that the domains given in Theorem A and Theorem B coincide. Our remarks at the beginning of Section 1 conclude the proof.
Our next result is the converse of Proposition 1 but below we have to assume explicitly that the initial operator H 0 has at least one skew-self-adjoint extension. Notice however that this was implicitly also assumed in Proposition 1, as the existence of a boundary triplet guarantees that there exist skew-selfadjoint extensions, see Section 3.
Proposition 2. Let (Ω, G 1 , G 2 , F, ω) be a boundary system for H 0 , where Ω is the standard symmetric form and ω is the standard unitary form. Let L 0 : G 1 → G 2 be a unitary operator and let
Then (G 1 , Γ 1 , Γ 2 ) is a boundary triplet for H 0 .
Proof. We observe that the definitions in (4) yield the two equations
The above together with (1) and the definitions of the standard symmetric resp. unitary form yield
. This establishes condition (2) . For the surjectivity let y 1 , y 2 ∈ G 1 be given. By the surjectivity of F we find
hold. Thus, we obtain the following two equations
which finish the proof. 
which shows that ψ establishes precisely the correspondence given in Theorem A.
We mentioned already that Proposition 1 and Theorem 3 both require, more or less explicity, that our initial operator H 0 has at least one skew-self-adjoint extension. We conclude this section by summarizing the different appearances of the latter condition that we met already up to this point and relate them to the equality of the deficiency indices of H 0 . Proposition 4. Let H 0 be skew-symmetric. Then the following are equivalent.
which implies the assertion.
From Theorem 5 and Theorem A we obtain an alternative proof for the equality of deficiency indices
holds. On the other hand we have that φ(H) is unitary if and only if
Using the definition of the left hand side of this equality, we obtain after straightforward algebraic manipulations that φ(H) is unitary if and only if
is valid. Now we claim that H = −H ⋆ holds if and only if φ(H) is unitary.
"⇒" Assume H = −H ⋆ . Then equation (5) shows that (Γ 1 x, Γ 2 y) G + (Γ 2 x, Γ 1 y) G = 0 holds for all x, y ∈ D(H). This is precisely the condition in equation (6) and thus φ(H) is unitary.
"⇐" Let φ(H) be unitary. Then the condition in equation (6) implies that in (5) the inclusion "⊆" holds. It thus remains to establish "⊇". To show this we fix y ∈ D(H ⋆ 0 ) such that
holds for all x ∈ D(H). Multiplying the latter with two and adding (Γ 1 x, Γ 1 y) G + (Γ 2 x, Γ 2 y) G on both sides yields
which we can reorganize to (Γ 1 x + Γ 2 x, Γ 1 y + Γ 2 y) G = (Γ 1 x − Γ 2 x, Γ 1 y − Γ 2 y) G .
Since x belongs to D(H) we know that Γ 1 x − Γ 2 x = φ(H)(Γ 1 x + Γ 2 x) holds, which we can plug in on the right hand side of the last equation. Using that φ(H) is unitary on the left hand side establishes φ(H)(Γ 1 x + Γ 2 x), φ(H)(Γ 1 y + Γ 2 y) G = φ(H)(Γ 1 x + Γ 2 x), Γ 1 y − Γ 2 y G for every x ∈ D(H). As φ(H) : G → G is surjective this yields that 
